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Balancing high sensitivity with a broad dynamic range is a fundamental challenge in measurement
science, as improving one often compromises the other. While traditional quantum metrology has
prioritized enhancing local sensitivity, a large dynamic range is crucial for applications such as atomic
clocks, where extended phase interrogation times contribute to wider phase range. In this Letter, we
introduce a novel quantum deamplification mechanism that extends dynamic range at a minimal cost of
sensitivity. Our approach uses two sequential spin-squeezing operations to generate and detect an entangled
probe state, respectively. We demonstrate that the optimal quantum interferometer limit can be approached
through two-axis countertwisting dynamics. Further expansion of dynamic range is possible by using
sequential quantum deamplification interspersed with phase encoding processes. Additionally, we show
that robustness against detection noise can be enhanced by a hybrid sensing scheme that combines quantum
deamplification with quantum amplification. Our protocol is within the reach of state-of-the-art atomic-
molecular-optical platforms, offering a scalable, noise-resilient pathway for entanglement-enhanced
metrology.
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Introduction—In the field of precision measurement,
achieving high sensitivity to the signal of interest across a
broad measurement range is a key goal [1–3]. Considerable
advancements have been made in surpassing the standard
quantum limit (SQL)—the best phase sensitivity achievable
with uncorrelated particles—by leveraging entangled
probe states, including squeezed states [4–18], Dicke states
[19–23], and Schrödinger-cat-like states [24–29]. However,
the enhanced sensitivity obtained in this way is usually
confined to a narrow phase range [30–32]. Moreover,
the detection of entangled states is susceptible to tech-
nical noise, which diminishes the theoretical metrological
benefits promised by entanglement [33,34]. To address
the latter challenge, quantum amplification (QA) techniques
[35–41] have been developed. These methods typically
amplify the signal through squeezing-unsqueezing protocols
[14,42–47]. The introduction of unsqueezing, however,

comes with the trade-off of a limited phase range within
which beyond-SQL sensitivity can be achieved [48].
While the emphasis has predominantly been on boosting

local sensitivity, the demand for a broad measurement
range in practical applications is equally important and
warrants greater attention. In the scenario of atomic clocks
[49], a broader measurement range enables longer phase
interrogation times, which can reduce frequency instability
even if local sensitivity is slightly compromised. Previous
studies have shown that by using auxiliary interferometers,
one can enhance the dynamic range, within which the
phase can be extracted from the measurement unambigu-
ously. For instance, employing dual-quadrature measure-
ment with two ensembles doubles dynamic range [50,51].
Even greater enhancement in dynamic range is possible
through the use of multiple ensembles with different
interrogation phases [52–56]. By integrating these tech-
niques with entangled states, it is possible to achieve
beyond-SQL phase sensitivity across an extended phase
range [25,26,51,57–59]. The ultimate goal is to optimize
both estimation precision and dynamic range by leveraging
quantum resources native to the experimental platform.
This can be achieved via quantum variational optimization,
which designs quantum circuits generating optimal input
states and measurements that minimize the Bayesian mean
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squared error for a given prior distribution of a parameter
[30,60]. Experimental implementations [61] of such cir-
cuits approach the performance of an optimal quantum
interferometer (OQI) [62] but face increasing circuit com-
plexity as system size grows. The challenge lies in
identifying quantum sensing protocols and resources that
enable simple, robust circuits capable of nearing OQI
performance despite experimental imperfections.
In this Letter, we introduce a novel mechanism that

leverages quantum deamplification (QD) to extend
dynamic range using a single ensemble in the presence
of detection noise. Unlike the QA protocols [35,42,45], our
method employs two sequential squeezing stages to deam-
plify the encoded phase at a minimal cost of local
sensitivity, thereby achieving a broader dynamic range.
We demonstrate this mechanism by using a generalized
Ramsey interferometer based on two-axis countertwisting
(TACT) interaction [4,63,64], which is both efficient in
generating spin squeezing and particularly elegant for
illustrating the core idea of our approach. This method
approaches the OQI limit in sensing performance using
only one TACT gate each for state preparation and mea-
surement. Furthermore, interspersing phase encoding
with TACT squeezing—progressively deamplifying the
signal—expands dynamic range further, albeit with
reduced local sensitivity, bringing the overall single-shot
sensing performance closer to the OQI limit. To enhance
noise robustness, we propose a hybrid sensing protocol
combining QD, QA, and adaptive one-way local operations
and classical communication measurements [65], enabling
high-sensitivity phase estimation over a wide dynamic
range despite experimental imperfections.
Quantum (de)amplification—We consider estimation of

the phase ϕ in an atomic interferometer consisting of N
identical two-level atoms. For a classical probe in the
coherent spin state (CSS) with an isotropic quasiprobabilty
distribution, as shown in Fig. 1(a), the measurement pre-
cision is inherently bounded by the SQL, 1=

ffiffiffiffi
N

p
[2,66]. The

ambiguity-free dynamic range is confined to ½−π=2; π=2�,
within which the observable varies monotonically with ϕ
[gray solid curve in Fig. 1(d)]. This limitation arises
because ϕ and �π − ϕ yield the same measurement out-
come, leading to significant bias error when the phase is
out of the dynamic range. We denote the phase after
(de)amplification in QA (QD) as φ. In the QA protocol
[Fig. 1(b)], a squeezing-encoding-unsqueezing sequence
amplifies the encoded signal. Since the amplified phase φ
can only be distinctly resolved within the range ½−π=2;
π=2�, the estimation range of encoded phase ϕð≤ φÞ is
further limited. This is illlustrated by the blue solid curve in
Fig. 1(d), which shows a steeper gradient near small phases
and a reduced dynamic range. In contrast, we propose
introducing a squeezing instead of unsqueezing process
before measurement, which deamplifies the signal ϕ
[see Fig. 1(c) for the QD sequence]. Given that the

sensing range of the deamplified phase φ is confined to
the classical boundary of ½−π=2; π=2�, the ambiguity-free
dynamic range of the encoded phase ϕð≥ φÞ is extended
beyond this interval, as shown by the orange solid curve
in Fig. 1(d).
QD-based sensing with TACT interactions—Building on

the above discussion, we now delve into a more detailed
examination of our proposal. We employ the TACT
squeezing model [4], governed by the Hamiltonian
ĤTACT ¼ −χðŜyŜz þ ŜzŜyÞ with interaction strength χ,

where Ŝx;y;z ¼
P

N
k¼1 σ̂

ðkÞ
x;y;z=2 are the collective spin oper-

ators and σ̂ðkÞx;y;z the Pauli operators for the k-th atom. The
structure of our QD-based quantum interferometer is shown
in Fig. 2(a). It starts from a CSS jΨ0i, with all spins
polarized along the x direction, followed by the application
of the TACT interaction twice [also cf. Fig. 1(c)]. The
first instance of TACT interaction precedes the phase
encoding process, serving to prepare an entangled probe
state, while the second application takes place after phase

(a) (d)

(b)

(c)

FIG. 1. The interferometry time sequence and corresponding
Husimi representations of states for (a) classical probe, (b) quan-
tum amplification (QA), and (c) quantum deamplification (QD).
The blue (orange) shading denotes the state without (with) phase
ϕ encoding. In the QA and QD protocols, φ denotes the phase
after amplification or deamplification, respectively. (d) Normal-
ized spin observable hSyi=S as a function of phase ϕ. The
coherent spin state provides a dynamic range around ½−π=2; π=2�
(gray solid line), within which the phase can be distinguished
unambiguously. QA narrows the dynamic range (blue solid line),
while QD extends the dynamic range to nearly ½−π; π� (orange
solid line). Dashed lines denote the intervals where phase slip
error occurs. Calculations are performed in the TACT model with
squeezing or unsqueezing time of t ¼ 0.015. N ¼ 100 and χ ¼ 1
are used in this Letter unless otherwise indicated.
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encoding, facilitating interaction-based readout [37–39,47].
The encoded phase is inferred from the collective spin Ŝy
through projective measurements.
The phase estimation accuracy is characterized by

the mean squared error (MSE) with respect to the actual
phase ϕ, ϵðϕÞ ¼ P

m ½ϕ − ϕestðmÞ�2pðmjϕÞ, where pðmjϕÞ
denotes the conditional probability of measurement out-
come m, and is given by pðmjϕÞ ¼ jhmjÛðt2Þe−iϕŜz ×
Ûðt1ÞjΨ0ij2, with jmi≡ jS ¼ N=2; Sy ¼ mi being the
eigenstate of Ŝy with eigenvalue m. Here, ÛðtÞ ¼
e−iĤTACTt, and t1, t2 represent the evolution time parameters
for the two TACT segments. The optimal values of t1 and t2
are to be found through optimization. We assume a linear
estimator ϕestðmÞ ¼ am, and the optimal a is determined
from the measurement outcome distribution [60]. Our goal is
to achieve optimal sensitivity for phase ϕ in a prior phase

range δϕ. Assuming a Gaussian prior phase distribution
centered at zero,PδϕðϕÞ ¼ exp ½−ϕ2=ð ffiffiffi

2
p

δϕÞ2�=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðδϕÞ2

p
,

we minimize the MSE averaged over the prior distribution,
defining the Bayesian mean squared error (BMSE):
ðΔϕÞ2 ¼ R

dϕ ϵðϕÞPδϕðϕÞ.
Figures 2(b) and 2(c) showcase the performance of our

QD-based sensor, compared to the OQI, classical, and
QA-based sensor. In Fig. 2(b), we depict the ratio of
posterior uncertainty Δϕ to the prior uncertainty δϕ, mini-
mized individually at each δϕ for QD sensor and OQI. This
quantity is related to frequency stability in atomic clock,
characterized by the Allan deviation [61,67]. A smaller
value of Δϕ=δϕ indicates a lower phase estimation error
(smaller Δϕ) over a broader phase range (larger δϕ).
For all cases, Δϕ=δϕ initially declines as δϕ grows and
then starts to rise due to increased probability of phase slip
error [30,34,60]. When compared to the classical Ramsey
interferometer (black line, CSS), the QA-based sensor (blue
line, QA) enhances sensitivity only at small δϕ values, due
to reduced dynamic range caused by signal amplification.
The QD-based sensor (orange curve), involving a squeez-
ing-encoding-squeezing sequence, significantly enhances
the precision of phase estimation at large δϕ. Notably, its
performance nearly approaches the theoretical limit given
by the OQI (gray curve) with the optimal probe state and
measurement [62]. Figure 2(c) displays the MSE as a func-
tion of the phase ϕ. The prior uncertainties δϕ and TACT
squeezing times are selected to achieve the minimalΔϕ=δϕ
as indicated by the markers in panel (b). It is evident that
the QA-based sensor (blue curve) outperforms the classical
interferometer (black curve) only for small values of ϕ. In
contrast, the QD-based sensing protocol (orange curve)
diminishes the error throughout the entire range of ½−π; π�.
The superior performance of the QD-based sensing

protocol can be credited to the aforementioned squeez-
ing-squeezing mechanism which allows for an extended
dynamic range. This is clearly demonstrated in Fig. 2(d),
which shows the evolution of the system’s squeezing
degree for two distinct δϕ. The squeezing degree is
quantified by the Wineland parameter [68,69], ξ2W ¼
NΔ2Ŝ⊥;min=jhŜij2, where Δ2Ŝ⊥;min denotes the minimal
spin fluctuation on the plane perpendicular to the mean spin
direction and the collective spin vector Ŝ ¼ ðŜx; Ŝy; ŜzÞ.
Figure 2(d) reveals a sequential squeezing process, where
the initial squeezing (blue segment) creates a spin squeezed
state as a probe, while the subsequent squeezing (orange
segment), leads to signal deamplification, thereby enhanc-
ing the dynamic range. An overview of the Wineland
parameter as a function of δϕ is shown in Fig. 2(e). One can
see that the squeezing of the probe state (blue) is always
less pronounced than that of the final state (orange).
Particularly, the final state is close to the optimal squeezed
state. In other words, the journey to the optimal squeezed
state is divided into two segments, one for state preparation

FIG. 2. (a) QD-based sensing with TACT interactions. The
protocol sequence starts from a coherent spin state (CSS) along x
direction which evolves to a spin squeezed state under TACT
evolution Uðt1Þ. After a phase (ϕ) encoding operation, Uðt2Þ
deamplifies the signal before the final measurement of Ŝy. (b) The
sensor performances, characterized by Δϕ=δϕ [plotted in dB as
20log10ðΔϕ=δϕÞ], of OQI (gray line) and QD sensors (orange
line) are optimized at each δϕ, while QA-based sensor (blue line)
with TACT interaction uses a fixed interacting time (t1 ¼ −t2 ¼
0.022) corresponding to the optimal spin squeezing. The gray
shading denotes the inaccessible regime with one-time phase
encoding, bounded by the OQI limit. Markers highlight the
best performance (minima) at the turning point. (c) MSE of
the sensing schemes, evaluated at δϕ and TACT squeezing
times corresponding to the minima (markers) of Δϕ=δϕ in
(b). (d) TACT-interacting times t1 (blue) and t1 þ t2 (orange)
and their corresponding Wineland parameters (ξ2W) evolution, for
two selected δϕ marked by dashed vertical lines in (e). (e) Wine-
land parameters for the δϕ-dependent optimal probe (blue circles)
and final state (orange diamonds) in the QD scheme. The
horizontal gray line marks the optimal spin squeezing obtainable
with TACT interaction.
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and the other for signal deamplification. The timing for
phase encoding, nestled between these two processes,
depends on the prior phase uncertainty: for a broader prior
distribution (larger δϕ), phase encoding should occur earlier
to maximize the signal deamplification effect, as shown in
Fig. 2(d). Furthermore, we claim that the QD mechanism
based on sequential squeezing is not limited to the TACT
model and can be generalized to other interactions [70].
Sequential QD interspersed with phase encoding—

Given the cyclical nature of phase encoding via unitary
e−iϕŜz—where ϕ and ϕþ 2π are indistinguishable—the
maximum dynamic range of the aforementioned method-
ologies is inherently restricted to the interval ½−π; π�. To
surmount this limitation, we propose enhancing phase
encoding with sequential QD [70]. As illustrated in
Fig. 3(a), this approach involves the iterative application
of spin squeezing interspersed with phase encoding. In the
limit of infinite iterations, it approaches concurrent entan-
glement generation and phase interrogation, as previously
used to unify state preparation and phase encoding [71,72].
This methodical layering of phase encoding and TACT
interaction serves to deamplify the signal progressively
[Fig. 3(b)], thereby extending the dynamic range beyond
½−π; π�. In Fig. 3(c), the estimated phase ϕest is depicted
as a function of the encoded phase ϕ, across various
iterations n. The ideal estimation is unbiased, aligning
ϕest with ϕ, as indicated by the gray solid line. One can see
that with each additional layer of phase encoding, the
unambiguous phase estimation range is enhanced. The
sequential QD also brings the benefit of reducing BMSE as

shown in Fig. 3(d), which converges to the OQI limit with
increasing n.
Hybrid sensing with adpative measurement—In the

absence of detection noise, the QD sensor is capable of
approaching the OQI performance, providing a near-
optimal balance between the local sensitivity and phase
sensing range. However, the QD sequence ends up with a
highly squeezed state before measurement, which renders
the metrological performance susceptible to detection
noise. This challenge also exists in the circuit optimization
for generalized Ramsey interferometer based on one-axis
twisting [30,60], and poses one practical limitation of the
latter in large systems. In contrast, QA sensor exhibits
strong resilience to detection noise, though this robustness
comes at the expense of a narrower dynamic range. Here we
study a hybrid sensing scheme [67] to harness the com-
plementary strengths of these two sensors in a synergistic
manner. The QD sensor, with its ability to offer a broad
dynamic range is utilized for the preliminary phase esti-
mation. It allows for the sensing process to effectively
handle a variety of phase shifts, although the sensitivity
would be compromised by detection noise. To address this,
we then employ the QA sensor with an adaptive measure-
ment to refine the phase estimation, improving the system’s
resilience to noise and reducing the phase estimation error.
Note that due to the extremely narrow dynamic range of the
QA sensor, a reliable initial estimate over a broad range is
essential [70]. The QD sensor fulfills this role by providing
both a wide dynamic range and sufficient precision in the
preliminary phase estimation.
To validate our idea numerically, we design a hybrid

system comprising two TACT-based sensors interrogated
with the same local oscillator (LO), as shown in Fig. 4(a).
The first sensor (D) provides an initial estimate of the LO
phase ϕ, called ϕD. This phase estimate is fed back to the
second sensor (A) by adjusting the control pulse phase,
effectively adding −ϕD to the interrogation phase ϕ.
Finally, by analyzing its output to get ϕA, we estimate
the phase ϕ as ϕest ¼ ϕD þ ϕA.
We optimize the TACT-interacting times at two stages—

before and after the phase encoding—in both sensors,

ftðDÞ
1 ; tðDÞ

2 ; tðAÞ1 ; tðAÞ2 g, with the goal of minimizing the
BMSE in the presence of detection noise σdet. The influ-
ence of detection noise is modeled as a Gaussian con-
volution that transforms the initial positive-operator-valued
measurement jmihmj into jm̃ihm̃j ¼ P

m0 Γm;m0 jm0ihm0j,
where Γm;m0 ¼ e−ðm−m0Þ2=2σ2det=

P
m e−ðm−m0Þ2=2σ2det [73]. The

results, depicted in Fig. 4(b), illustrate how the interaction
times vary with the level of detection noise. The interaction

times for the first sensor are both positive (tðDÞ
1;2 > 0),

signifying its role as a QD sensor with a sequential
squeezing process. On the other hand, the second sensor
exhibits a positive interaction time prior to phase encoding

(tðAÞ1 > 0) and a negative interaction time post phase

(b)

(c) (d)

FIG. 3. (a) Schematics of the sequential QD interspersed with
phase encoding. (b) Evolution of quantum state on the Bloch
spheres for n ¼ 2. Squeezing times are t1 ¼ 0.0022, t2 ¼ 0.014,
and t3 ¼ 0.0061, with a total time cost close to the optimal
squeezing time in Fig. 2(d). (c) Estimated phase ϕest as a function
of the real phase ϕ. The shading represents the square root of the
MSE. The gray solid line denotes the unbiased estimation with
ϕest ¼ ϕ. Black dashed vertical lines label ϕ ¼ �π. (d) Optimal
Δϕ=δϕ as a function of n. The OQI limit is illustrated by the gray
dashed line.
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encoding (tðAÞ2 < 0), which is indicative of a QA sensor
with a squeezing-unsqueezing mechanism.
In Fig. 4(c), we compare the BMSE of the hybrid sensor

with several individual sensing schemes. To guarantee a fair
comparison, we employ the same total number of particles
in all the schemes. The solid (dashed) curves denote the
results in the absence (presence, with σdet ¼ 2) of detection
noise. Among the individual sensing schemes (either split
into two independent sensors of N atoms each or measured
independently twice with N atoms [70]), the QA sensor
(blue curves) exhibits strong resilience to detection noise
(highlighted by the shading area), while it falls short in
BMSE. In contrast, the QD sensor (orange curves) provides
a small phase estimation error over a broad range of δϕ, but
is highly susceptible to detection noise. The hybrid sensor
(green curves), which combines the strengths of both QD
and QA sensors, demonstrates robustness against detection
noise and maintains low phase estimation error across a
broad range of phase. Figure 4(d) further highlights the
resilience difference between the sensors. One can see that
the hybrid sensor (green curve) consistently outperforms
the other sensors across all levels of detection noise, and its

performance degrades slower with increasing detection
noise compared to the individual QD sensor.
Conclusion—We introduce a novel QD mechanism to

extend the dynamic range of phase measurements through
squeezing-encoding-squeezing operations, which is dem-
onstrated by using a TACT-based interferometer. The phase
encoded on the squeezed probe state gets deamplified
during the second squeezing stage at a minimal cost of
local sensitivity, thereby achieving a broader dynamic
range and approaching the OQI limit. This scheme is
further enhanced by sequential QD interspersed with
multiple phase encoding processes. Since the QD sequence
ends in a highly squeezed state before measurement, its
metrological performance becomes susceptible to detection
noise. To address this limitation, we propose a hybrid
sensing scheme that combines the advantages of both QD
and QA sensors to achieve a precise and robust phase
sensing.
Our protocols are accessible with current cold atom and

molecule experiments. Recent experiments have success-
fully demonstrated the mean-field spin dynamics of the
TACT model in cavity QED systems [63] and ultracold
polar molecules [64], making the observation of spin
squeezing highly promising in the near future. To further
evaluate the feasibility of our protocol, we analyze the
effects of collective and single-particle dephasing in
Supplemental Material [70]. Our results demonstrate that
the extended dynamic range of sub-standard-quantum-limit
measurements remains achievable with near-future exper-
imental setups [74–76], and the resilience to dephasing can
be further enhanced through Hamiltonian engineering.
Furthermore, the hybrid sensing approach incorporating
QA and QD can be extended to generalized Ramsey
interferometry with one-axis twisting interactions [30],
making it broadly applicable to diverse quantum systems
such as Bose-Einstein condensates [14], trapped ions [77],
and Rydberg atom arrays [78,79]. Overall, our method
offers a promising advancement in entanglement-enhanced
metrology, with the potential to significantly improve
applications such as the long-term stability of atomic
clocks and other precision measurement systems [80].
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encoded on sensor A. (b1), (b2) The optimal TACT-interacting
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ðΔϕ=δϕÞoptCSS, as a function of detection noise σdet.
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