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Improving metrology with quantum scrambling
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Quantum scrambling describes the spreading of information into many degrees of freedom in
quantum systems, such that the information is no longer accessible locally but becomes distributed
throughout the system. This idea can explain how quantum systems become classical and acquire a
finite temperature, or how in black holes the information about the matter falling in is seemingly erased.
We probe the exponential scrambling of a multiparticle system near a bistable point in phase space
and utilize it for entanglement-enhanced metrology. A time-reversal protocol is used to observe
a simultaneous exponential growth of both the metrological gain and the out-of-time-order correlator,
thereby experimentally verifying the relation between quantum metrology and quantum information
scrambling. Our results show that rapid scrambling dynamics capable of exponentially fast
entanglement generation are useful for practical metrology, resulting in a 6.8(4)-decibel gain beyond
the standard quantum limit.

E
ven though all unitary dynamics of quan-
tum systems are in principle reversible,
it is extremely challenging in practice to
reverse the arrow of time in generic in-
teracting many-body systems. This is be-

cause any small perturbations or imperfections
in the time-reversed dynamics can lead to
highly complicated, nonlocal changes in quan-
tum wave functions, similar to the butterfly
effect in chaos theory. Dubbed information
scrambling (1–3), this quantum-mechanical
effect gives rise to a variety of unusual pheno-
mena and applications ranging from models
of quantum gravity (4, 5) to quantum metrol-
ogy (6). The speed of information scrambling
can be quantified by out-of-time-ordered cor-
relators (OTOCs) (7, 8), which constitute a
measure of how fast the noncommutativity
between two different quantum operations
is established (9). In certain systems, the
OTOC grows exponentially fast over time
elQt , where lQ > 0 defines the generalized
quantumLyapunov exponent (8). OTOCs have
been measured (10) and used as probes for
various many-body phenomena, such as ther-
malization (11), quantum phase transitions
(12), many-body entanglement growth (13), and
quantum scrambling (14–16). However, the
observation of exponential scrambling has
remained elusive.
One approach to effective time reversal in-

volves changing the sign of the Hamiltonian
Ĥ→� Ĥ during the evolution of highly engi-
neered quantum systems. In the field of quan-

tummetrology, this enables a family of powerful
quantum amplification protocols (17–24) such
as signal amplification through time-reversed
interaction (SATIN) (23). Such protocols can
be robust against many limitations that usual-
ly affect entanglement-enhanced atomic sen-
sors, including imperfect measurements. In the
presence of exponential scrambling dynamics
(Fig. 1A), the SATIN signal is also amplified
exponentially over time.

Experimental setup

The Lipkin-Meshkov-Glick (LMG)Hamiltonian
(24, 25–34) is of particular interest in this con-
text, as it exhibits exponential evolution in
phase space while it can be experimentally
realized in a cavity quantum electrodynamics
(cQED) system. The latter is accomplished by

adding a global rotation term Ŝx to the one-
axis-twisting (OAT) (35) Hamiltonian Ŝz

2

Ĥ ¼ cŜz
2 þWŜx ð1Þ

Here S ¼ Ŝx; Ŝy; Ŝ z

� �
represents the total

spin of the system consisting ofN ¼ 2S spin-12
particles, c is the shearing parameter for OAT,
and W is the transverse rotation frequency.
Although the time evolution is not chaotic
because of the conservation of Ŝ

2
, the LMG

Hamiltonian nevertheless features a quantum
Lyapunov exponent for 0 < W= Scð Þ < 2 due
to an unstable (bifurcating) trajectory in the
system phase space (Fig. 1A) (32, 36, 37).
Our experiments operate with N ¼ 200 171Yb

atoms whose magnetic sublevels ↑; ↓j i in the
electronic ground state represent a spin- 12 sys-
tem. One of the two spin states ( ↑j i) couples to
an electronically excited state ej ivia sþ-polarized
light that circulates inside the optical cavity
(Fig. 1B). The coupling between a single atom
and the cavity is characterized by the single-
atom cooperativity h ¼ 8:8 2ð Þ (38). We imple-
ment the LMG Hamiltonian in the rotating
frame by adding an oscillating transversemag-
netic field to the OAT Hamiltonian (34) [Fig.
1B and supplementary materials (SM) (39)].
The experiments start by initializing the

system in a coherent spin state (CSS) pointing
along the x axis by means of optical pumping
followed by a p=2 spin rotation. Analytical
solutions using the Holstein-Primakoff approx-
imation (40) show that for W= Scð Þ < 0 or
W= Scð Þ > 2, the system evolution is periodic
with a frequencyw ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2 � 2ScW

p
(41). How-

ever, for 0 < W= Scð Þ < 2 the frequency w
becomes imaginary, corresponding to an
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Fig. 1. Time-reversal–based exponential growth of sensitivity in a system with an unstable fixed point.
(A) Classically, for a trajectory with a positive Lyapunov exponent l1 > 0, an initial signal (displacement) d 0ð Þ
increases exponentially over time. For quantum dynamics, however, an initial overlap between two states is
preserved under unitary evolution. To amplify the signal similarly to the classical case, one needs to evolve the

state under the nonlinear Ĥ, resulting in decreased quantum fluctuations along a direction with negative Lyapunov

coefficient l2 < 0. A displacement along this direction followed by application of the negative Hamiltonian �Ĥ
(such that l1;2→� l1;2) is then used to amplify the signal. The plots represent the evolution on the Bloch
sphere, where the Sy and Sz axes are labeled as in the left subplot of the middle row. (B) Experimental setup. The
LMG Hamiltonian is generated by the interaction of the collective atomic spin with light inside a cavity on the
transition ↑j i→ ej i, while a radiofrequency magnetic field is applied to rotate the atomic spin.
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unstable-fixed-point exponential evolution with
a Lyapunov exponent lQ ¼ wj j. For a fixed
Sc, choosing W ¼ Sc results in a maximum
Lyapunov exponent lQ ¼ Scj j.
Metrological gain

We first measure the antisqueezing {largest
variance x2þ≡maxa var Sað Þ½ �= S=2ð Þ} of the col-
lective spin S after an evolution under Ĥ as
a function of the ratio W= Scð Þ . The anti-
squeezing xþconstitutes an upper bound on
the quantum Fisher information (QFI) with
respect to spin rotations (42). As shown in
Fig. 2B, the experimental data for x2þ agree
with the numerical simulation of the model
(solid red line) and show a peak at W ¼ Sc,
as expected.
We then measure in Fig. 2C how x2þ grows

with time for the two cases W ¼ 0 (OATHamil-
tonian) and W ¼ Sc (critically tuned LMG
Hamiltonian). The OAT data (gray) exhibit
quadratic growth of x2þ , as expected. The
LMG data (red) show exponential growth of
x2þ ¼ e2lQt, with lQ ¼ Sc for times t ≲ ðScÞ�1.
For larger times, the growths slows because
of finite particle number and light-induced
decoherence (34, 39). The finite total spin fur-
ther causes the states to turn non-Gaussian,
which we characterize via the Binder cumu-
lant (43) (Fig. 2D).
The time evolution under the critically tuned

(W ¼ Sc) LMG Hamiltonian Ĥ quickly pre-
pares an entangled collective quantum state.
To implement quantum metrology with the
SATIN protocol, we then apply a small rotation
Û df ¼ e�iŜadf, where Ŝa ≡ Ŝycosaþ Ŝ z sina
represents a collective spin operator in the yz
plane. This encodes a signal phase df along
the a direction, with a ¼ p=4 chosen to max-
imize the metrological gain [Fig. 1A and SM
(39)]. To implement�Ĥ , we switch to another
set of laser frequencies incident on the cavity
and flip the sign of the transverse field W [SM
(39)]. This generates an effective backward
evolution in time that amplifies the applied
signal df. The shifted state then undergoes a
bifurcated trajectory for df ≶ 0 (see Fig. 2C),
resulting in an exponentially amplified devia-
tion Gdf from the original position. We mea-
sure the mean spin value hŜai ¼ Ssin Gdfð Þ to
infer the signal amplificationG. As shown in
Fig. 3, the squared signal amplification G2

(orange) increases exponentially with the same
exponent 2lQ as the antisqueezing x2þ up to
times t ≈ ðScÞ�1. The measured quantum noise
N2 , i.e., the variance of spin projection noise
along the amplification direction Ŝa normalized
to the standard quantum limit (SQL) (blue),
remains unity until t ≈ 0:8ðScÞ�1 . The subse-
quent increase of the noise N 2 results from
the residual light-atom entanglement (34) and
can be improved in the future by optimizing
the light detuning (39). The improvement of
the metrological gain over the SQL is 6.8(4) dB.

The deviation of G2 from an exponential for
t ≳ ðScÞ�1 is due to the nonuniform coupling
between atoms and the cavity light (44), as
well as the residual light-atom entanglement,
both of which can be improved in the future
(34, 45).

Quantum metrology and quantum information

To investigate the quantum information sci-
ence aspect of the time-reversal protocol, we
measure the fidelityOTOC (FOTOC)with quan-
tum state tomography using randomized mea-

surements (39, 46, 47). The FOTOC F tð Þ can
be expressed as the trace between the den-
sity matrix r 0ð Þ of the original state and that
of the state displaced by df evolved back-
ward in time, r′t 0ð Þ :¼ Û t r̂ 0ð ÞÛt†, where
Û t :¼ eiĤte�iŜadfe�iĤt

F tð Þ ≡ Û t r̂ 0ð ÞÛ †

t r̂ 0ð Þ
D E

¼ Tr r′t 0ð Þr 0ð Þ� �

ð2Þ
At fixed forward evolution time t, the FOTOC

F depends on the small displacement df and
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Fig. 2. Collective-spin evolution in the cQED system. (A) Numerical calculation of the normalized variance x2þ
of the antisqueezed direction as a function of Sct and W=Sc with linecuts representing the measurements in
(B) and (C). (B) Experimentally measured antisqueezing (blue symbols) and theoretical expectation (red line) for
Sct ¼ 1:8 as a function of the rotation strength W. The shaded region indicates exponential growth, whereas
in the other regions the time evolution is either quasi-periodic or growing polynomially. (C) Comparison of

antisqueezing x2þ between the fastest exponential growth for a critical rotation strength W ¼ Sc, and the
polynomial growth of pure OAT (W ¼ 0). The two Bloch spheres represent the lines of classical evolution in
both situations. The dashed and dash-dotted red lines represent exponential growth based on the theoretically
predicted Lyapunov exponent and the full numerical result, respectively, with no free parameters. The gray dashed

line is calculated for W ¼ 0. (Inset) Logarithmic plot for W ¼ Sc showing the exponential growth of x2þ.
(D) The Binder cumulant B (characterizing the deviation from a Gaussian distribution for B > 0) for the
antisqueezed direction for the critical LMG condition W ¼ Sc versus time t. (Insets) Measured spin distributions
for Sct ¼ 0 (blue) and Sct ¼ 2 (purple), with the latter being strongly non-Gaussian.

Fig. 3. Metrological gain with
exponential LMG time-reversal
protocol. The squared signal

amplification G2 (pink open circles)

and system noise N2 (blue solid
squares) versus time t. The pink
dashed line represents the exponen-
tial growth of the antisqueezing shown
in Fig. 2, and constitutes an upper
bound to the QFI. The blue dash-dotted
line is the calculated noise (with no
free parameters) due to residual light-
atom entanglement. The maximum
metrological gain is 6:8 4ð Þ dB.
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is related to the OTOC I tð Þ by its second de-
rivative (12)

I tð Þ ≡ � 1

2

@2F tð Þ
ð@dfÞ2 j

df¼0

¼ Ŝa tð Þr̂ 0ð ÞŜa tð Þr̂ 0ð Þ� � ð3Þ

with the Hermitian operator Ŝa tð Þ :¼ eiĤt

Ŝae�iĤt .
Choosing four different evolution times

(such that Sct1 ∈ 0:38; 0:57; 0:77; 0:96f g), we
displace the entangled state for each t1 by
several different small angles df . We then
perform the tomographic reconstruction after
a reversed time evolution with �Ĥ to obtain
F t1ð Þ, as shown in Fig. 4A. The OTOC I t1ð Þ is
then extracted from the data by fitting a quad-
ratic function in the displacement df to the

FOTOC (Fig. 4B). We notice that the fitted
quadratic curve is slightly shifted from df ¼ 0
and has slightly reduced peak fidelity. The
shift is likely due to a small difference between
the assumed and actual Larmor frequencies
between the spin states, whereas the reduc-
tion from unit peak fidelity is due to the im-
perfect time reversal associated with residual
light-atom entanglement. The small imperfec-
tions do not reduce the metrological gain ap-
preciably (39).
Figure 5 summarizes our findings regard-

ing the close relation between quantum scram-
bling and time-reversal quantum metrology:
The antisqueezing x2þ , metrological gain G :¼
G2=N2, and OTOC I all agree with each other
and scale exponentially with application time
t of the LMG Hamiltonian for t ≲ 0:8ðScÞ�1.

The exponential fit yields a Lyapunov exponent
lQ= Scð Þ ¼ 1:01 T 0:03, in excellent agreement
with the theoretical expectation lQ= Scð Þ ¼ 1.

Concluding remarks

Our experiments demonstrate a cQED real-
ization of the critically tuned (W ¼ Sc) LMG
model with an exponential evolution in phase
space. We also point out and experimentally
verify that time-reversal protocols represent a
powerful experimental tool giving access not
only to metrological gain beyond the SQL
(22, 23, 48), but also enabling the measure-
ment of quantum information scrambling in
many-body systems. This generalizes the pos-
sibilities of using quantum information science
to enhance quantum metrology (49). Further-
more, we observe exponential growth of both
the OTOC and the metrological gain for the
LMG model, thereby experimentally verify-
ing the intrinsic relation between these two
concepts from different subfields of quantum
science. The demonstrated methods to re-
verse time evolution may enable the exper-
imental investigation of complex many-body
quantum systems in which the information
spreads exponentially fast within many de-
grees of freedom.
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Fig. 4. FOTOC and OTOC extracted from quantum state tomography. (A) Experimental Wigner functions
obtained from quantum state tomography after applying the LMG SATIN protocol with different signal

displacements df [for W ¼ Sc and t ¼ 0:57ðScÞ�1]. The dashed circle indicates the original CSS state. (B) The
solid blue line is a quadratic fit to the data (open circles), used to extract the OTOC I (see text and Eq. 3).

Fig. 5. Comparison between quantum
information and quantum metrology
parameters for the LMG model. The
purple open circles, solid green squares,
and solid blue diamonds represent the
antisqueezing, metrological gain, and
OTOC, respectively. All quantities increase
initially exponentially with time with a
fitted Lyapunov exponent lQ ¼ 1:01 3ð ÞSc
that agrees well with the theoretical
prediction lQ ¼ Sc. The OTOC error bars
are obtained by using the bootstrapping
method (39, 50). For longer times

t ≳ ðScÞ�1, the metrological gain and
OTOC decrease owing to decoherence
caused by light-atom entanglement, as is
well captured by the theoretical model
(solid blue line) without free parameters.
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Editor’s summary
Taking advantage of the quantum mechanical properties of systems is expected to provide advantages over classical-
based techniques. Li et al. showed that the technique of quantum scrambling, in which local information is rapidly
distributed across different degrees of freedom of a quantum system, can provide an advantage for sensing and
precision of metrological measurements. These experiments demonstrated the relationship between quantum
metrology and quantum information scrambling, and the approach could be applied to determine the properties and
dynamics of other complex many-body quantum systems. —Ian S. Osborne
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